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INTRODUCTION 
The phase of the scattered far-field from flaws is focused and the phase shift analysis 
is carried out to quantify the scattered waveforms. The basic tool of the phase shift anal-
ysis is the integral representation of the scattered wave field. The scattering amplitude of 
the scattered far-field is first defined. The phase shift of the scattered far-field is then in-
troduced by expanding the scattered far-field into partial waves with spherical wave com-
ponents and taking into account the energy relation. The phase shift introduced represents 
the shift of phase in the scattered wave from the phase in an incident wave. The far-field 
integral representation for the scattered field is utilized to derive the explicit expression of 
the phase shift, and the integral representation of the phase shift is obtained as a surface 
integral over the flaw. This integral representation is true for arbitrary flaw shape and it 
relates to the flaw geometry and the boundary conditions on the flaw surface. The bound-
ary element method is adopted for the determination of boundary quantities on the flaw 
surface. As an application of the phase shifts in the scattered far-field, a flaw shape is re-
constructed from the information on the phase shifts. 
The phase shift analysis is weIl known in the field of electromagnetics[l] and the 
atomic collision theory [2 ~ 5]. The attempt of this paper is to apply the partial wave 
decomposition to the characterization of scattered wave field from flaw and to relate the 
partial wave decomposition with the boundary element method. The present treatment is 
restricted to three dimensional analysis for the scalar wave equation of HeImholtz type. 
INTEGRAL REPRESENTATION 
The scattering problem for scalar quantity u is governed by the HeImholtz equation: 
llu + eu = 0 inD (1) 
where k = wie is the wavenumber, wand c are the angular frequency and the wave veloc-
ity. The total field u is decomposed into 
(2) 
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where U I is the plane incident wave and u S is the scattered wave. The integral representa-
tion for the total field reduces to 
1 au(y) 1 au(x,y) u(x) = uI(x) + U(X'Y)-a-dSy - a u(y)dsy , xE D 
S n y S n y 
(3) 
where U is the fundamental solution far three dimensional Heimholtz equation (1) and has 
the form 
1 eikT U(x,y)= --
411" r 
(4) 
and r =1 x - y 1 is the distance of two points x and y. This form of the fundamental solu-
tion represents the outgoing wave for the time factor exp( -iwt). 
SCATTERING AMPLITUDE 
The incident wave is assumed to be a plane wave traveling along the X3 axis : 
(5) 
and we consider the case that the scatterer has the revolutional symmetry with respect to 
the X3 axis. Then, in the far (x -+ (0) field, the total wave field can be expressed as 
(x-+oo) (6) 
where, x = (x, B,,.,) and x =1 x 1= jXiXi, and the origin of the polar coordinate (x, B,,.,) 
is located in the center of the scatterer in this expression. In Eq.(6), f(B) is the scattering 
amplitude and B is the scattering angle measured from the positive X3 axis. The scatter-
ing amplitude f( B) is relating to the scattered far field uS , and thus, to the scatterer (the 
shape and the boundary conditions on the surface of the scatterer). 
The incident wave in Eq.( 6) can be expressed as 
00 
eikx3 = eikx c089 = L(21 + l)il jl (kx) Pt (cos B) 
1=0 
~ .1 (21 + 1) . 111" 
'" ~ 1 -k--sm(kx - -)Pt (cosB) 
1=0 x 2 
= f (2/.+ l){eikX - (_l)l e-ikX} PI (cosB) 
1=0 21kx 
(7) 
in the far-field, where Rayleigh's formula and the asymptotic expression of spherical Bessel 
function j, (.) has been used. P,(·) is the Legendre polynomials. The scattering amplitude 
f( B) is expanded by the complete system Pt( cos B) as 
1 00 21 + 1 f(B) = "kL ~aIPt(cosB) 
1=0 
(8) 
where al is the unknown coefficients. Substitution of Eqs.(7) and (8) into Eq.(6) yields 
Loo 21 + 1 "k I"k u(x) '" -.k-{(l + ade' x - (-1) e-' X}Pt(cosB). 21 x 
1=0 
(9) 
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PHASE SHIFT 
The energy conservation requires that 
11 + ad = 1. (10) 
It suggests to set 
(11) 
Introducing Eq.(11) into Eq.(8), we have the following expressions 
1 00 
f(B) = 2ik~)21 + I)[e2i61 - I]P,(cosB) 
1=0 
(12) 
for the scattering amplitude. In Eq.(I2), f( B) is now expressed by the unknown quantity 
Öl (I = 0,1,2·· .). The öl is called phase shift. 
Equations (9) and (11) lead to the following far field expression for the total field: 
u(x) ~ f (2Ik: 1) ei6leih"/2sin (kx _ I; + Öl) P,(cos B). 
1=0 
(13) 
Comparing this Eq.(I3) with the incident wave form in Eq.(7): 
uI(x) = eikx3 ~ f (2Ik: 1) eil 1l"/2 sin(kx _ I; )P,(cosB), 
1=0 
(14) 
we know that the quantity Öl represents the phase shift of the total field measured from 
the incident field. 
DETERMINATION OF PHASE SHIFT 
In the expression offundamental solution (4), the term exp( ikr )/r can be expanded in 
the following partial wave form (Sunakawa[I], p.244): 
ikr ·k 00 
_e _ = ~ ~(21 + l)j,(ky)h)ll(kx)P,(cosX), 
47rr 47r L 
1=0 
= ~ ~(21 + I)j,(kx)h)ll(ky)P'(cosx), 
47r L 
1=0 
(x > y) (I5a) 
(y> x) (I5b) 
where j,(.) is the spherical Bessel function and k)ll is the spherical Hankel function defined 
as 
and 
(16) 
The addition theorem of the spherical function is 
P,( cos X) = P,( cos B)P, (cos 8) 
I (l-m)! _ 
+ 2'; (l + m/~m(cosB)p'm(cosB)cosm('P - rp) (17) 
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where pro is the associated Legendre function, furthermore B, B, <p, and cp are defined as 
x = (x, B, <p) and y = (y, B, cp) as shown in Fig.1. For x > y, Eq.(15) is now written as 
e,kr ik ~ (1) -
47rT = 471" L..(21 + l)jl(ky)h, (kx)P,(cosB)P,(cosB) 
1=0 (18) 
+ [terms containing cos m( cp - cp)] 
with the help of Eq.(17). In the far field, the function h)l)(.) behaves 
(x--+oo). (19) 
From Eqs.(18) and (19), the fundamental solution (4) has the following expression in the 
far field 
1 e'kr -1 e'kx 00 _ 
U(x, y) = -- '" --- L(21 + 1)( -i)I+2j,(ky)P,(cos B)P,(cos B) 
471" r 471" x 1=0 (20) 
+ [terms containing cosm(<p - cp)], (x --+ 00). 
Substitution of Eq.(20) into the integral representation (3) leads to the following far field 
representation: 
" e,kx [-11 8u(y) 00 -
u(x) '" e,kx, + - - -8- L(21 + 1)( -i)I+2j,(ky)P,(cos B)P,(cos B)dSy 
x 471" s n y 1=0 
- ~ f u(y)ikK(x, y) f)21 + 1)( _i)'+2 jl(ky)P,(cos B)P,( cos B)dSy ] ,(x --+ 00) 
471" Js 1=0 
(21) 
where the relation 
_8U-::(,--x.:....::,yc..:..) ()8U(x,y) "k(1 + i) 'U( ) = ni Y = -z - n· r x, y 8ny 8y, kr (22) 
'" -ikK(x, y)Ufar(x, y) 
has been used and the expression of Ufar(x, y) has been defined in Eq.(20), and K(x, y) 
has the form 
(23) 
and the terms containing cosm(cp - cp) in Eq.(20) reduce to zero in the integration process 
over the surface S. 
x 
o~--~L-J-------------~ 
Fig.1. Geometrical relation. 
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The comparison of Eqs.(21) and (6) leads to the integral representation for the scat-
tering amplitude 
f(B) = -1 r {88u(y) + ikK(x, y)u(y)} 
47r J s n y 
00 
1=0 (24) 
= ~ f(21+1)(_i)'+2[-2ik r {8U(Y) +ikK(x,y)u(y)} 
21k 47f J s 8ny 
1=0 
x jl(ky)~(cose)dSyl~(cosB). 
Furthermore, the comparison of Eqs.(24) and (12) leads to the integral representation for 
the phase shift 
e2i61 _ 1 = -( _i)l+l~ r {88u(y) + ikK(x,y)u(y)}j,(ky)PI(cos e)dSy, 
27f J s n y 
(/=0,1,2···) (25) 
where K(x,y) has been defined in Eq.(23). 
Knowing the boundary quantities u(y) and 8u(y)/8n, we can determine the phase 
shifts 8, (l = 0,1,2···) from Eq.(25). From the asymptotic expansion of Bessel functions 
around the origin, j,(ky) in Eq.(25) behaves 
. k (ky)' (1 (ky? ) 
]I( y) ~ (21 + l)!! - 2(21 + 3) + ... , when ky --+ 0 (26) 
where 
(21 + 1)!! = (21 + 1)(21- 1)(21- 3)····5·3·1 . (27) 
When the wavelength A( = 27f / k) of the incident wave is large compared with the typical 
dimension of the scatterer, the convergence of the algebraic system in Eq.(25) to determine 
8, (I = 0,1,2···) is expected to be fairly good. 
Boundary quantities on the right-hand side in Eq.(25) are determined by solving the 
boundary integral equations for the given boundary condition on the surface of the scat-
terer. 
Tables 1 and 2 show the phase shifts 8, (l = 0,1,2 ... ) calculated from Eq.(25). For 
both tables the boundary condition is u = 0 on the scatterer. In Table 1, the shape of 
the scatterer is sphere. The phase shifts are designated for nondimensional wavenumbers 
ak = 0.1 and ak = 0.5 , where a is the radius of sphere and k is the wave number. For the 
case of sphere, the integration in Eq.(25) can be performed analytically, and the analytical 
values of 8, have been shown in the column of "ANAL" in the table. The values in the col-
umn of "BEM" were obtained from Eq.(25) and the unknown 8u/8n was evaluated with 
the help of the boundary element method. For both cases of ak = 0.1 and 0.5, the conver-
gence for I (I = 0,1,2 ... ) is quite good. In Table 2, the phase shifts for several shapes of 
scatterer are shown for ak = 0.5. 
AN INVERSE PROBLEM 
When we know the phase shifts 8, (I 
determine the shape of the scatterer 5 . 
0,1,2···) in the far field, we now want to 
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Table 1. Convergence check of the phase shifts 61 (l = 0, 1,2, ... ) for sphere. 
ak=O.1 ak=O.5 
BEM ANAL BEM ANAL 
Q ö~ ö~ Q ö l. ö~ 
0 -5.64E+O -5.73E+O 0 -2.82E+1 -2.87E+1 
1 -1.85E-2 -1.90E-2 1 -2.03E+O -2.08E+O 
2 E-5 E-5 2 -2.93E-2 -3.74E-2 
3 E-7 E-7 3 E-4 E-4 
Table 2. Phase shifts 61 (l = 0,1,2, ... ) for ak = 0.5. 
sphere semi-sphere semi-sphere strip-sphere 
0 0 0 CJ 
$ $ $ $ 
Q öl °1 Öl Ö I 
0 -2.82E+1 -2.28E+1 -2.70E+1 -2.10E+1 
1 -2.03E+O -1.53E+O -6.10E-1 -1.76E-1 
2 -2.93E-2 -6.78E-2 -7.11E-2 -1.12E-1 
3 E-4 E-4 E-4 E-4 
For example, we consider the case of the boundary condition u = 0 on S . Then, the 
integral representation (25) to determine the phase shifts D/ reduces to 
e2ib1 -1 = -(-ii+l~ r &u(y) jl(ky)Pt(cosB)dSy , 
27r Js &ny (l=0,1,2,00'). 
On the surface of the scatterer S , the following integral equation holds 
1 &u(y) I --U(x,y)dSy = -u (x), 
s &ny 
xES 
(28) 
(29) 
from Eq.(3). For the given incident field u I , we now suppose that the phase shifts 61 (I = 
0,1,2, ... ) have been measured at the far field. In this case, Eqs.(28) and (29) can be con-
sidered as the coupled integral equations to determine the boundary shape S of the scat-
terer. Equation (29) is the integral equation to determine the boundary quantity au/an 
and Eq.(28) is the equation to determime the boundary shape 5 . 
In general, the surface 5 has infinite number of degree of freedom. Equation (28) also 
has, in principle, infinite number of equations for each 6/ (I = 0,1,2 ... ) to determine the 
surface parameters. In practice the boundary surface S may be represented as a function 
of n parameters of ßi (i = 1,2,"', n) . In this case, Eq.(28) with n phase shifts DI (I = 
0,1,2, ... ,n - 1) can be considered as n equations to determine the n boundary shape 
parameters ßi (i = 1,2,"', n). The other choice of n equations is to use Eq.(28) for the 
zeroth order phase shifts Do(k;) for n different wavenumbers ki (i = 1,2, ... n) . In this 
case, it is necessary to calculate &u/&n for n different wavenumbers ki from Eq.(29). 
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Now we rest riet our attention to the ellipsoid al seatterer which has revolution al sym-
metry with respeet to the X3 axis in the following form: 
(:1 ) 2 + (X:) 2 + (Xb3) 2 = 1 (30) 
where 
Xl = rsinBeostp, X2 = rsinBsintp, X3 = reosB (31) 
in the polar co ordinate. Substitution of Eq.(31) into (30) leads to the expression 
r2 = 1/ { ein B :os tp) 2 + (sin B :in tp) 2 + Co: B) 2} . (32) 
Equation (31) with r in Eq.(32) yields the expression of the ellipsoid al surface and it con-
tains two parameters a and b . 
To determine two parameters a and b , Newton's method is used. First we consider 
the following two equations 
We assurne that 
Then it follows that 
F1(a,b)=0 
F2(a,b)=0 
Fl(a+ßa,b+ßb)=O 
F2 (a + ßa, b + ßb) = 0 
8Fl 8Fl 
8a ßa + {ibßb = -Fl(a, b) 
8F2 8F2 
""""&";ßa + {ibßb = -F2(a, b) 
for the small increments of ßa and ßb . These ßa and ßb can be obtained as 
from Eq.(35) . 
(33) 
(34) 
(35) 
(36) 
For the determination of two parameters a and b , we adopt two zeroth order phase 
shifts oo(k l ) and oo(k2 ) for two different wave numbers k1 and k2 • Then the integral equa-
tions (28) and (29) to determine the boundary shape parameters and the boundary quan-
tity 8u/8n can be written as 
F1(a,b) = -(-i)k1 ( 8:(y) jo(kly)PO(cosB)dSy _ [e2i6o(k.) - 1] 
27r J S(a,b) uny 
F2(a,b) = -(-i)k2 ( 8:(y) jo(k2y)PO(cosB)dSy _ [e2i6o(k2) -1] (37) 
27r J S(a,b) uny 
( 8:(y) U(x, y)dSy = _u I (x) for k = k1 and k2 • 
JS(a,b) uny 
It is necessary to evaluate the 8Ft/8a , 8Ft/8b , 8F2/8a , 8F2 /8b to determine the incre-
ments ßa and ßb in Eq.(36) . It can be done numerically. For example , 8Ft/8a can be 
evaluated at (ao, bo) as 
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Fig.2. Convergence process for the sphere of a = b = 1 
(Initial values for a and bare aO = 2, bO = 1.5). 
(38) 
In this expression, auj an on the surfaces S( ao + AG', bo) and S( ao, bo) can be calculated 
from integral equations 
{ a8u U(x, y)dSy = _u I (x) J S(ao+C>.a,bol n 
( :uU(x,y)dSy = -uI(x) J S(ao,bol n 
(39) 
for the given wave number k1 . 
Fig.2 shows the convergence process for the sphere of a = b = 1. The initial values 
for a and b are chosen to be aO = 2 and bO = 1.5. The phase shifts used in Eq.(37) have 
been shown in Table 1 for ak1 = 0.1 and ak2 = 0.5. At the 3rd iteration, N ewton's method 
based on Eqs.(36) and (37) converges to the final values of a = b = 1.0 within an accept-
able error bound. 
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